Abstract. We study large-time asymptotic behavior of classical solutions to an initial-boundary value problem (IBVP) for a coupled Cahn-Hilliard-Boussinesq system on a bounded domain. Sufficient conditions are established under which classical solutions converge exponentially to constant states as time goes to infinity due to diffusion and boundary effects.
Introduction
As one of the fundamental modeling equations, the Cahn-Hilliard equation ( [4, 5] ) plays an important role in the mathematical study of multi-phase flows, and has been studied intensively in the literature both analytically and numerically (see e.g. [1, 2, 6, 10, 11, 17, 18, 20, 21, 22, 23, 24] ). The couplings of the Cahn-Hilliard equation with other basic modeling equations have been proposed in various situations to study complicated phenomena in fluid mechanics involving phase transition. For example, the coupled Cahn-Hilliard-Navier-Stokes (CHNS) system and its variations, which describe the motion of an incompressible two-phase flow under shear through an order parameter formulation, have been used in order to understand the phenomena of phase transition in incompressible fluid flows (c.f. [12, 16, 19] ). Recently, a closely related model to the CHNS system has been developed in [3, 8, 9, 13, 14] to understand the spinodal decomposition of binary fluid in a Hele-Shaw cell, tumor growth, cell sorting, and two phase flows in porous media, which is referred to as the Cahn-Hilliard-HeleShaw (CHHS) system. In this paper, we consider the following system of equations:
U t + U · ∇U + ∇P = µ∇φ + θe n , θ t + U · ∇θ = ∇ · (κ(φ)∇θ), ∇ · U = 0, (1.1) which is obtained by coupling the Cahn-Hilliard equation to the inviscid heatconductive Boussinesq equations. It describes the motion of an incompressible inviscid two-phase flow subject to convective heat transfer under the influence of gravitational force through order parameter formulation. Here, U = (u 1 ,...,u n ), P , and θ denote the velocity, pressure, and temperature respectively; φ ∈ [−1,1] is the order parameter and µ is a chemical potential derived from a coarse-grained study of the free energy of the fluid (c.f. [15] ); the functions β(φ) > 0 and κ(φ) > 0 model diffusion and heat conduction, respectively, whose dependence on φ will be specified below; the constant α > 0 is a diffuse interface parameter modeling the thickness of the interface, and e n is the n-th unit vector in R n . The function F (·) appearing in the second equation of (1.1)
normally has a physical-relevant, double-well structure, each of them representing the two phases of the fluid. A typical example of F (·) takes the form:
(see e.g. [7, 15] ). In this paper, we shall consider a general scenario by imposing appropriate growth conditions on F .
In this paper, we consider system (1.1) on a bounded domain in R n . The system is supplemented by the following initial and boundary conditions:
where Ω ⊂ R n is a bounded domain with smooth boundary ∂Ω, n is the unit outward normal to ∂Ω andθ is a constant.
The initial-boundary value problem (1.1)-(1.2) was first studied in [25] , where the global existence and uniqueness of classical solutions are established, for large initial data with finite energy in 2D. However, the large time asymptotic behavior of the solutions was not investigated due to the lack of uniform-in-time estimates of the solutions. Suggested by the conservation of total mass and the boundary conditions, it is expected that the global attractor of φ should beφ = 1 |Ω| Ω φ 0 (x)dx, which is its average over the domain, and the global attractor of θ should beθ, due to diffusion and boundary effects. The purpose of this paper is to give rigorous justification of this conjecture for the 2D case, based on new findings of the structure of the system and to provide sufficient conditions guaranteeing the decay of the solution.
First, we will show that when the diffuse interface parameter α passes a threshold value, which is determined by the function F and the size of the domain Ω, φ and θ will converge toφ andθ exponentially in time respectively, regardless of the magnitude of the initial perturbation. This rigorously justifies the fact that making the thickness of the diffuse interface (modeled by α) large in the coupled Cahn-Hilliard type equations leads to constant phase states (e.g. [7] ). On the other hand, although it is well-known that constant solutions of the classical Cahn-Hilliard equation are locally asymptotically stable (metastable) when they are outside the chemical spinodal (c.f. [2] ), it is highly non-trivial that the same fact holds true if the Cahn-Hilliard equation is coupled with a supplementary transport term U · ∇φ, and the governing equation of the velocity is of hyperbolic type and is driven by the chemical potential and gravitational force. Second, after switching to an other method, we will show the exponential decay of the solution for small initial perturbations around the constant equilibrium state without the assumption on the diffuse interface parameter α. We remark that the former result holds for large initial perturbations around the constant state, which is one of the remarkable advantages of our results. We will also see in Section 3 that the proof of the small perturbation case is more delicate than in the large perturbation case, which is another novelty of this paper.
We briefly explain the ideas used in the proofs. For the large perturbation case, we will require that the diffuse interface parameter α satisfies α − F 3 c 0 > 0, where F 3 > 0 is a constant such that F ′′ (·) ≥ −F 3 and c 0 is the constant in Poincaré inequality over the domain Ω, which can be computed explicitly for given F and Ω. The condition is crucial in our analysis due to the fact that it produces a positive constant multiple of φ −φ 2 H 2 , which is one of the major dissipative terms controlling the exponential decay of φ. The condition will trigger a chain reaction leading the energy estimate performed in [25] to a whole new scenario. For the small perturbation case, the proof is in the spirit of [3] , where the metastability of constant solutions of the Cahn-HilliardNavier-Stokes equations was established. However, due to the vanishing of viscosity in the momentum equation and its further coupling with the temperature fluctuation, the analysis of (1.1) requires more deliberation. The idea is to first assume F ′′ (·) ≥ 0 on a small neighborhood Iφ = [φ − δ,φ + δ] and then solve a modified problem with F replaced by an auxiliary function Fφ whose second order derivative is non-negative on R and coincides with F ′′ (·) on Iφ. Then, under the smallness assumption on the initial perturbations, it can be shown that the solution to the modified problem is indeed the solution to the original problem and converges exponentially to the constant state as time goes to infinity.
Throughout this paper, 
, where r,s are positive integers. Unless specified, c will denote a generic constant which is independent of the unknown functions and t, but may depend on the system parameters and initial data. The value of c may vary line by line according to the context. For the sake of completeness, we first state the global existence result regarding classical solutions to (1.1)-(1.2), based on which the asymptotic analysis will be performed leading to the main results of this paper.
be a bounded domain with smooth boundary. Suppose that F (·) satisfies the following conditions:
• F (·) is of C 6 class and F (·) ≥ 0;
• There exist constants
Moreover, suppose that there exist positive constants
compatible with the boundary conditions, then there exists a unique solution
The following two theorems are the main results of this paper concerning the large time asymptotic behavior of classical solutions to (1.1)-(1.2). Regarding the large initial perturbation case, we have 
for some constants γ 1 ,η 1 > 0 which are independent of t, whereφ is the average of φ 0 over Ω.
When the initial perturbation is small, we have 
for some constants γ 2 ,η 2 > 0 which are independent of t.
Regarding the above results, we have the following remarks.
Remark 1.4. The conditions on F (·) are fulfilled for a number of examples, such as
2 (e.g. [7, 15] ). Theorem 1.2 indicates that the non-homogeneous alloy is stable if one of the components is predominant (e.g. when
3 which implies that one of the components is predominant).
Remark 1.5. It should be pointed out that the decay estimates obtained in the above theorems are not extended to the highest order norm of the solution. However, at the lower level estimates, the main ideas used for the proofs will be fully illustrated. The proof of the decay of the higher order norms is just a tedious long chain of energy estimates which can be easily produced with the help of the lower order estimates. For the simplicity of presentation, we shall not go through the details.
Remark 1.6. The asymptotic result obtained in Theorem 1.2 has an advantage over the one obtained in Theorem 1.3. Roughly speaking, the former one provides a convenient criterion for determining whether the solution collapses to a constant state or not as time evolves. Based on the result, one only needs to measure the volume of the domain, instead of measuring the "smallness" of the initial perturbation which is usually laborious to perform, to determine whether the solution decays or not when other system parameters are fixed. On the other hand, from the mathematical point of view, we will see in Section 3 that the proof of Theorem 1.3 is more delicate and interesting than that of Theorem 1.2.
Remark 1.7. It is well-known that the Cahn-Hilliard equation is an effective model in the study of sharp interfaces in two-phase fluid flows. However, based on our results, the order parameter φ tends to a uniform constantφ instead of ±1. This suggests that under the conditions of Theorem 1.1 and Theorem 1.2, the modeling Equation (1.1) indeed fails to model the sharp interfacial phenomenon. Therefore, our results exhibit some bifurcation phenomena on the effectiveness of the modeling equations.
The plan of the rest of this paper is as follows. In Section 2, we will reformulate the original problem to get an equivalent one for the perturbations, and give a technical lemma which is useful in the estimation of the order parameter. We then prove Theorem 1.2 and Theorem 1.3 in Section 3 and Section 4 respectively.
Reformulation and preliminary
To study the asymptotic behavior, we first reformulate the original problem to get the new one for the perturbations. For this purpose, we let Φ = φ −φ and Θ = θ −θ, whereφ is defined asφ
due to the conservation of total mass and the boundary conditions. Plugging Φ and Θ into the original system (1.1) we have
whereP = P −θy, and the initial and boundary conditions become
Next, we recall the following lemma which is a direct consequence of the Poincaré inequality, whose proof is straightforward. 
f dx and c = c(s,Ω).
Long-time dynamics for large perturbation
In this section, we will study the long-time dynamics of classical solutions to (1.1)-(1.2) under the conditions of Theorem 1.2. The proof is based on several steps of careful energy estimates, by exploring the condition α − F 3 c 0 > 0, which are stated as a sequence of lemmas. Since β(φ) is assumed to be a constant, we without loss of generality take β(φ) = 1. In the next two lemmas we will establish some uniform-intime estimates of the solution, which will be used in the decay estimate. The first one gives the decay estimate of Θ which will be used to settle down the uniform estimate of U . 
, and
Proof. Taking the L 2 inner product of (2.1) 4 with Θ we have 1 2
Since Θ| ∂Ω = 0, using the condition on κ(φ) and the Poincaré inequality we have
which yields immediately that
where γ 0 = κ 0 /c 0 . This proves the first part of (3.1). Multiplying (3.2) by e γ0t and using (3.4) we get
which implies the second part of (3.1) immediately after integrating with respect to t. This completes the proof of Lemma 3.1.
With the help of Lemma 3.1 we now prove the H 1 uniform estimate of U and Φ.
Lemma 3.2. Under the conditions of Theorem 1.2, it holds that
Proof.
Step 1. Taking the L 2 inner product of (2.1) 3 with U we have
Taking the L 2 inner product of (2.1) 1 with µ we have
Adding (3.6) and (3.7) we get
Applying the Cauchy-Schwarz inequality to the right hand side of (3.8) and using (3.4) we obtain d dt
Since F ≥ 0, Gronwall's inequality then yields
Step 2. We derive some consequences of (3.10). First of all, by using the condition on F and (3.10) we havē
Therefore, the average of µ over the domain remains uniformly bounded for all time.
Taking the L 2 inner product of (µ −μ) with −∆Φ we have
(3.11)
Using the boundary conditions and the Cauchy-Schwarz and Poincaré inequalities we have
which implies that
where c 0 is the constant in the Poincaré inequality on the domain Ω. Under the condition α 1 ≡ α − F 3 c 0 > 0, by (3.11) we have
On the other hand, by the Cauchy-Schwarz inequality we have
Hence, it holds that
which implies, by (3.10), that
Step 3. We observe, by definition of Φ, Lemma 2.1, and (2.1) 2 , that
By Hölder's inequality, Lemma 2.1, and (3.10) we have
where we have used the Sobolev inequality f L p ≤ c(p) f H 1 in 2D. Plugging (3.14) into (3.13) we have
which, together with (3.12) and (3.10), implies that
Step 4. By taking the curl of the velocity equation we get
where ω = v x − u y is the 2D vorticity. Taking the L 2 inner product of (3.17) with ω and applying Hölder's inequality we have
Upon integrating (3.18) with respect to t and using Hölder and Sobolev inequalities we have
From previous estimates (c.f. (3.4), (3.10), (3.16)) we know that the RHS of (3.19) is uniformly bounded in time. Therefore, we have ω(·,t) ≤ c, ∀ t ≥ 0, which, together with (3.10) and (3.16), implies (3.5) . This completes the proof of Lemma 3.2.
Using the uniform estimates obtained in Lemma 3.2 we prove the exponential decay of Φ(t) 
Step 1. Taking the L 2 inner product of (2.1) 1 with ∆Φ and integrating by parts we get 1 2
where we have used Lemma 3.2, the Sobolev embeddings H 2 ֒→ L ∞ and H 1 ֒→ L 4 in 2D, and Lemma 2.2. This gives
Step 2. Taking the L 2 inner product of (2.1) 1 with ∆ 2 Φ and using the CauchySchwarz inequality we get
where we have used the interpolation inequality
Coupling (3.20) and (3.21) we have
Step 3. Taking the L 2 inner product of (2.1) 1 with Φ, after integrating by parts we have
It turns out that
Using (3.24) to absorb the right hand side of (3.22) we arrive at We finally show the decay of Θ(t) 2 H 1 . Lemma 3.4. There exist constants c 3 ,c 4 > 0 independent of t such that
Proof. Taking the L 2 inner product of (2.1) 4 with ∆Θ we have 1 2
where we have used Lemma 3.2, Lemma 3.3, and the Gagliardo-Nirenberg type inequality f
By coupling (3.2) with (3.26) we conclude that Remark 3.5. Since the problem is set on the bounded domain, which distinguishes it from the Cauchy problem, the spatial derivatives of the solution are unknown on the boundary of the domain. However, by working on the temporal derivatives of Φ and Θ and using an iteration argument one can show the exponential decay rate of higher order norms of the solution with the aid of the lower order estimates. We omit the details here.
Long-time dynamics for small perturbations
In this section, we study a different aspect of the long-time dynamics of the solution to (1.1)-(1.2). Instead of assuming the threshold value of the diffuse interface parameter α, we study the asymptotic behavior of (1.1) under the smallness assumption on the initial perturbation.
Step 1. First of all, without loss of generality we assume that ν =φ = 1 |Ω| Ω φ 0 (x)dx > 0, and assume that for some fixed 0 < η <φ, it holds that
Second, one can easily construct a function F ν (·) such that 1) and such that all of the conditions imposed on F (·) indicated in Theorem 1.1 are fulfilled by F ν (·). By construction, it is easy to see that F ν ≥ 0. By the convexity of
, which, together with (4.1), implies that
In particular, there exist positive constants F 4 and F 5 such that (c.f. Theorem 1.1)
Step 2. Next, we solve the original problem with F replaced by F ν and with the same initial data, and denote the solution by Φ ν , µ ν , U ν , and Θ ν . In this situation, the estimate (3.9) becomes d dt
Using the definition of ν and the conservation of total mass we have
where we have used the condition β 0 ≤ β(φ). Since G(φ 0 ,ν) = F ′′ (ξ)(φ 0 − ν) 2 for some ξ between φ 0 and ν, by (4.3) we have
So we update (4.5) as
Step 3. In this step, we will exploit the estimate (4.6) to get more information about the auxiliary solution. Taking the L 2 inner product of µ ν with −∆Φ ν and noticing that F ′′ ν ≥ 0 we have
On the other hand, since (μ ν ,−∆Φ ν ) = 0, whereμ ν =
Combining (4.7) with (4.8) we get
Therefore, plugging (4.9) into (4.6) we have for any t ≥ 0
(4.10)
Step 4. Since the solution exists globally in 2D, from (4.10) we know that when U 0 2 + Φ 0 2 H 2 + Θ 0 2 is sufficiently small, for any t ≥ 0 it holds that
By (3.15) we have 12) which, together with (4.11), implies that
Step 5. Taking the L 2 inner product of (2.1) 1 with ∆ 2 Φ ν we have 1 2
(4.14)
We estimate the right hand side term by term. First of all, using the condition on β(φ) we have 15) where δ > 0 is a constant to be determined. Second, using (4.10) and the interpolation inequality f
Third, by using the condition on F ν and (4.10) we have
where we have used the interpolation inequality f 2 L ∞ ≤ c f H 1 f H 2 in 2D and Lemma 2.1.
Fourth, using (4.10) we have Applying Gronwall's inequality to (4.19), using (4.13) and the smallness of the initial data we have We remark that the constants ε i (i = 1,··· ,5) are independent of time and will go to zero as U 0 2 + Φ 0 2 H 2 + Θ 0 2 tends to zero.
Step 6. We observe from (4.22) that, when U 0 2 + Φ 0 2 H 2 + Θ 0 2 is sufficiently small, φ ν ∈ I η = [ν − η,ν + η] for all t ≥ 0. By (4.1) we know that
Therefore, (φ ν ,µ ν ,U ν ,θ ν ) is indeed a global classical solution of (1.1)-(1.2) with F (z) replaced by F (z) − F (ν) − (z − ν)F ′ (ν). From the definition of µ and the first equation of (1.1) we see that adding an affine function to F does not change the equations. Thus, by the uniqueness of classical solutions we know that φ ν = φ for all t ≥ 0, when U 0 2 + Φ 0 2 H 2 + Θ 0 2 is sufficiently small. Hence, φ ∈ I η for all t ≥ 0, which in turn gives F ′′ (φ) ≥ 0 for all t ≥ 0 by assumption.
Step 7. Taking the L 2 inner product of (2.1) 1 with Φ we have 1 2
